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Abstract

The goal to describe plutonium phases from “first principles” calculation methods is complicated by the problem of 5f-electrons localization.
While for early actinides (Th, U, Np) standard density functional theory (DFT) description with itinerant 5f-electrons works well for late actinides
(Am, Cm) DFT calculations with completely localized (pseudocore) 5f-electrons give satisfactory results. However, plutonium presents a border
case of partial localization and both limits (itinerant and completely localized) are not valid. We present a review of the methods used to solve this
problem and discuss what could be the reasons for their successes and failures.
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1. Introduction

The density functional theory (DFT) [1] in local density ap-
proximation (LDA) (or in more elaborated generalized gradient
approximation (GGA)) has been very successful in describing
equilibrium volumes and stable crystal structures for pure ele-
ments and its compounds. While there are sometimes difficulties
in reproducing spectral properties, such as energy gap values
for semiconductors and insulators, which are defined by excited
electronic states, ground state energy as a function of the crystal
volume and atomic positions is reproduced usually quite well.
For rare earth elements problems appears in DFT calculations
when one treats 4f-electrons on equal footing with all others.
However, in this case a good approximation is to consider 4f
states as completely localized in the same way as core orbitals
(so called pseudocore approximation).

Actinide elements give a challenge to DFT because 5f-
electrons are not obviously localized as 4f-electrons in rare earth
but also cannot be always considered as itinerant. In Fig. 1, ex-
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perimental values of equilibrium volume for 5d, 4f and 5f ele-
ments are presented. One can see that 5d elements show decreas-
ing of the volume as number of 5d electrons increases till 5d shell
becomes half filled. Further filling of 5d shell results in increas-
ing of the volume. That corresponds to the strong participation
of 5d electrons in the chemical bonding of transition metals ev-
idencing their fully itinerant behavior suitable for treatment by
DFT. In contrast to that lanthanides show very weak dependence
of the volume on 4f shell filling (with the exception of Eu and
Yb case where valency state is +2 instead of the common for
lanthanides +3). That fact can be explained by fully localized
nature of 4f-electrons and hence absence of their contribution
to chemical bonding. In actinides series beginning of the curve
follows transition metals pattern: decreasing of the volume with
increased filling of 5f-shell from Th till Np. However, with fur-
ther increasing of the number of 5f-electrons there is a sizable
jump of the volume value for delta-Pu and Am and for late ac-
tinides Cm, Bk and Cf one observes weak dependence of the
volume on 5f-shell filling resembling lanthanides with localized
4f-electrons. This curve can be understood if one assumes itin-
erant nature of 5f-electrons from Th to Np, localized 5f states
from Am to Cf and intermediate situation that can be described
as “partial 5f-electrons localization” for Pu [2]. The problem
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Fig. 1. Experimental values of equilibrium volume for 5d, 4f and 5f elements
as a function of number of electrons in partially filled shell [27].

is complicated by the fact that Pu itself exists in six various
allotropies with volume values differences reaching 20% (e.g.
between alpha and delta phases). That can be interpreted as more
localized 5Sf-electrons in delta phase than in alpha phase.

2. Standard density functional calculations

Standard DFT calculations for experimentally observed para-
magnetic ground state gave good results for equilibrium volumes
of early actinides from Th till Np (Fig. 2). However, already for
alpha phase there is an underestimation of theoretical volume
comparing with experimental one and for delta phase the dis-
agreement is rather large (more than 20%). These results agree
well with the above analysis of the experimental data for equi-
librium volume of actinides. In DFT, all electrons are considered
to be itinerant and participating in chemical bonding. That is a
good approximation for early actinides but an obviuosly wrong
one for late actinides starting from Am and Pu in delta phase,
where 5f-electrons are completely or partially localized.

The term “partially localized” means that electrons on ev-
ery one of 5f-orbitals can demonstrate properties characteristic
for localized and itinerant pattern. That can be understood as
in different periods of time electrons can either be sitting on
specific atomic sites or being spread over the crystal. This ef-
fect can be described by dynamical mean-field theory (DMFT)
[3] with time or energy dependent self-energy operator. In so
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Fig. 2. Theoretical values of equilibrium volume for 5f elements from density
functional theory calculations [27].
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Fig. 3. Total energy as a function of volume for Pu in delta phase from DFT
calculations with various number of 5f-electrons treated as completely localized
(“mixed level” scheme, Eriksson et al. [4]).

called “mixed levels” scheme of Eriksson et al. [4] “partial lo-
calization” was imitated by treating some specific 5f-orbitals
fully localized (pseudocore) and all others fully itinerant. It was
found that the best agreement for equilibrium volume value for
Pu in delta phase was obtained (Fig. 3) with four 5f-electrons
considered localized. Similar approach was used in so called
self interaction correction (SIC) calculation scheme where cal-
culations gave the best description of Pu in delta phase with
localization of three 5f-electrons [5].

Recently, it was found that combination of generalized gra-
dient approximation (GGA) and spin-polarization taken into ac-
count results in drastic improvement of DFT results for equilib-
rium volume values [6—8]. While for alpha phase non-magnetic
and magnetic solutions gave total energy as a function of volume
curves with close minimum positions, the delta phase calcula-
tions show sizable increasing of calculated equilibrium volume
value when spin polarization was taken into account (Fig. 4).
Not only delta phase but also other crystal structure phase have
their calculated volume values in much better agreement with
experiment (Fig. 5). The reason for such effect can be under-
stood by observing that phases with large crystal volume have
much larger magnetic moments values (Fig. 6). While for low
volume alpha phase spin magnetic moment values per Pu ion
are &~ 2up, in large volume delta phase the corresponding value
is & 4up [6]. Spin polarization results in exchange splitting of
Sf-orbitals and hence partial removal of 5f states from the Fermi
level. That leads to suppression of 5f contribution to the chem-
ical bonding and increasing of calculated equilibrium volume
values. One can say that strong spin polarization leads to “par-
tial localization” of 5f-electrons. This effect is most pronounced
in the case of Curium [9] where configuration {7 results in full
spin polarization with § = 7/2 and maximum value of exchange
splitting for Sf-orbitals with complete removal of 5f states from
the Fermi energy.

The price for this improvement of DFT results is magnetic
ground state of plutonium obtained in calculations in disagree-
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Fig. 4. Total energy as a function of volume for alpha and delta plutonium from spin-polarized DFT calculations of Kutepov and Kutepov [7].
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Fig. 5. Total energy as a function of volume for various crystal structure phases
of plutonium from spin-polarized DFT calculations of Soderlind and Sadigh [8].

ment with experiment. In the recent review of Lashley et al.
[10], it was shown that not only there is no experimental evi-
dence for long range magnetic ordering but also the possibility
of disordered local moments presence in all Pu phases can be
excluded by the results of whole set experimental data including
magnetic susceptibility, NMR, specific heat in magnetic field,
neutron elastic and inelastic scattering. Recent results [11] of
muon spin relaxation measurements on elemental Pu set an up-
per limit on ordered moments for alpha-Pu and Ga-stabilized
delta-Pu at T = 4K of 0.001up. This disagreement of spin-
polarized DFT calculation results with magnetic measurements
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Fig. 6. Magnetic moment for Pu in various crystal structure phases from spin-
polarized LDA calculations (Soderlind and Sadigh [8]).

cannot be explained by cancellation of spin magnetic moments
by the antiparallel orbital moment [12]. The spatial dependence
of the orbital and spin magnetizations is different around the
nucleus and if the total moment is equal to zero the difference
in their spatial extent would still allow a measurable signal to be
seen in neutron scattering [10]. Also the arguments for magnetic
moment cancellation in Ref. [12] were based on using formula
Mot = us(L — 25) that gives zero with L =5 and S = 5/2.
However, formal total moment value for such case is J = 5/2.

In order to understand the origin of spin polarized DFT calcu-
lation problems it is instructive to consider much simpler case
than Pu with its “partial localization” and complicated phase
diagram. Americium at ambient pressure has simple hexagonal
close-packed crystal structure with localized 5f-electrons in f©
configuration in jj coupling scheme with zero values of spin,
orbital and total moment. However, DFT calculations [13] gave
fully spin polarized solution with huge values of spin and total
moments (Figs. 7 and 8). It is not only magnetic properties that
DFT gave wrong but also there is a strong disagreement with
spectroscopy experiments. In Am photoemission spectra (Fig.
9) occupied 5f band is centered around 3 eV, while in calculated
density of states (Fig. 7) its position is only 1 eV below the Fermi
energy. This fact is consequence of full spin-polarization when
5f spin-up sub-band (Fig. 7) with full capacity 7 electrons is
filled with only 6 and Fermi level is inside spin-up sub-band.
The ground state obtained in DFT calculations corresponds to
the LS coupling scheme with maximum possible spin moment
value. In contrast to that in jj coupling scheme the good quantum
number is only total moment J and there are j = 5/2 sub-shell
with capacity 6 electrons and j = 7/2 sub-shell with 8. Then
Am with f configuration has fully occupied j = 5/2 sub-shell
and empty j = 7/2 sub-shell with J = 0.

The problem of which coupling scheme (LS, jj or intermedi-
ate) will be realized for particular ion is defined by the compe-
tition between Coulomb exchange interaction preferring max-
imum spin polarization with strong energy splitting between
spin-up and spin-down subbands and spin—orbit coupling lead-
ing to energy separation between j =5/2 and j = 7/2 sub-
shells. While for 3d ions spin—orbit coupling is weak and LS
coupling scheme is always valid, for 5f-orbitals of actinides
spin—orbit coupling is strong enough to compete with exchange
interaction. In the result for Am with f® configuration jj cou-
pling is realized with § = L = J = 0 and for Cm with f’ con-
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Fig. 7. 5f-Electrons partial density of states for Am from spin-polarized LDA
calculations (Soderlind et al. [13]).

figuration LS coupling wins with § = 7/2. The failure of DFT
in describing Am can be due to the overestimation of exchange
interaction strength. In DFT, the functional depends on spin-up
and spin-down electron densities. This form of the functional
suggests that spin is a good quantum number while for the case
of strong spin orbit coupling it can be not true any more.

3. Coulomb interaction effects in static mean-field
approximation: LDA + U calculations

The problem of “first principles” calculations of electronic
structure and ground state properties of plutonium is deter-
mined by the question how to describe 5f-electrons localiza-
tion. The physical origin for localization are correlation effects
due to Coulomb interaction between 5f-electrons. In order to
include correlation effects into DFT calculations new methods
were developed. Two of them are LDA + U [14] and LDA +
DMEFT [16,17] methods. In the first one, Coulomb interaction is
treated in static mean-filed approximation (unrestricted Hartree-
Fock) and the second one via dynamical mean-field theory

T T T T T

—&— Total moment ]
—0O— Orbital moment
- =—G— Spin moment

H

Magnetic moment (u;)
N

o

" L " 1 N " 2 1 1 " s 1
15 20 25 30
Atomic Volume (A%/atom)

Fig. 8. Magnetic moment for Am with spin and orbital contributions from spin-
polarized LDA calculations (Soderlind et al. [13]).
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Fig. 9. Experimental photoemission spectra of Am, Pu and Sm (Naegele et al.
[28]).

(DMFT) with energy (or time) dependent complex self-energy
operator.

In LDA + U method, potential is orbital dependent with oc-
cupied orbitals having lower energy than unoccupied ones. In
the result 5f-orbitals are moved away from the Fermi energy
and their contribution to chemical bonding is strongly reduced
comparing with paramagnetic DFT results. LDA + U calcula-
tions for Pu in delta phase [12,15] gave significant increasing of
equilibrium volume value to a good agreement with experiment
(Fig. 10). However, in these works the same problem as in spin-
polarized DFT calculations appears: strong spin-polarization
with a large values of magnetic moments.

Recently, it was found that LDA 4 U equations can give a
non-magnetic solution [18,19] for Pu with 5f-shell in ground
state with § = L = J = 0 and calculated equilibrium volume
for delta Pu in a good agreement with experimental value. The
physical origin for such ground state is strong spin—orbit split-
ting of 5f states that is larger than 5f band width. In pure LDA
calculations without LDA + U potential correction (Fig. 11a)
Sf-orbitals density of states (DOS) consists of two well sepa-
rated sub-bands being formed predominantly by orbitals with
total moment j = 5/2 for the occupied states and j = 7/2 for
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Fig. 10. Total energy as a function of volume for delta phase of Pu from DFT
and LDA + U calculations (Bouchet et al. [15]).

the empty ones. Such 5f-DOS pattern means that non-magnetic
state with filled j = 5/2 sub-shell is already nearly preformed
in standard LDA description. There is however strong admix-
ture of j = 5/2 states to the empty band and j = 7/2 states to
the occupied one. When LDA + U potential correction is ap-
plied occupied orbitals are shifted down in energy and empty
ones up. In the result (Fig. 11b), one obtains pure j = 5/2 and
j =7/2 sub-bands with increased energy separation between
them. The Fermi energy is positioned on the top of the occupied
Jj = 5/2 sub-band that agrees well with the peak position around
1 eV in photoemission spectra (Fig. 12).

LDA + U calculations for Am [21,20] gave a non-magnetic
solution with 5f-shell in ground state with S = L = J = 0. The
LDA + U results for Am are in much better agreement with
experiment than spin polarized DFT calculations not only in
magnetic but also in spectral properties. The general 5f-DOS
pattern (Figs. 13 and 14) is the same as for Pu (Fig. 11) with the
important difference that position of the Fermi level is not on the
top of occupied j = 5/2 sub-band as it was the case for Pu but
at the bottom of empty j = 7/2 sub-band and smaller 5f band
width due to larger volume of Am. This shift of the Fermi level
is due to additional valence electron in Am comparing with Pu
which goes into s-, p-, d-states not shown in Figs. 13 and 14. In
calculated 5f-DOS occupied 5f band is centered around 3 eV in
a good agreement with Am photoemission spectra (Fig. 9).
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Fig. 12. Comparison of experimental and calculated (LDA + U) spectra for
alpha and delta Pu and PuSb (Shorikov et al. [18]).
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Fig. 13. 5f-Electrons partial density of states for Am from LDA calculations
(Shorikov and Anisimov [20]).

While LDA + U method solved the problem of 5f-electrons
localization without developing magnetism that was not ob-
served in experiment there are still important disagreements of
LDA + U results with experimental data. First of all it is the
absence in the LDA + U calculated spectra of the sharp peak on
the Fermi level observed in experimental photoemission spectra
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Fig. 11. Partial 5f densities of states for Pu in delta phase from LDA (a) and LDA + U (b) calculations (Shorikov et al. [18]).
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tions (Shorikov and Anisimov [20]).

(Fig. 12). While peak at 1eV in calculated spectrum for delta
Pu agrees well with the corresponding feature in the experi-
mental spectrum, the sharp peak close to the Fermi energy in
photoemission spectrum does not find any correspondence in
calculations.

4. Coulomb interaction effects in dynamic mean-field
theory: LDA 4+ DMFT calculations

This fact can be understood as a manifestation of the “par-
tially localized” nature of Sf-electrons in plutonium. In fully
localized case one has occupied lower Hubbard band below the
Fermi energy and empty upper Hubbard band above it. If elec-
trons are itinerant then partially filled quasiparticle band crossing
the Fermi energy is a correct description. For the intermediate
case of “partial localization” both features: lower Hubbard band
below the Fermi energy and partially filled quasiparticle band
would be present in the spectral function, with additional effect
of quasiparticle band narrowing due to correlation effects. That
effect can be reproduced in dynamical mean-field theory [3]
with its famous “three feature structure” in the spectral function
(lower and upper Hubbard bands with quasiparticle peak on the
Fermi energy between them). LDA + U method as static mean-
field theory can give a good approximation for the Hubbard
bands but not the quasiparticle peak. This peak needs dynami-
cal fluctuations to be taken into account for proper description.

Another deficiency of LDA + U solution for Pu is 5f° config-
uration of the calculated ground state that corresponds to com-
pletely filled j = 5/2 sub-band. From analysis of absorption
spectra of Pu [22] mainly 5f° configuration can be found. The
reason for this disagreement could be the following. The Fermi
level in LDA + U solution for delta Pu (Fig. 11b) is positioned
on the top of occupied j = 5/2 band with the center of the band
less than 1eV below the Fermi energy. That can result in high
probability of 5f-electrons excitation from occupied j = 5/2
band to the empty s-, p-, d-states above the Fermi energy. This is
dynamical fluctuations effect and if it will be taken into account
the average number of 5f-electrons can be decreased from the
static mean-filed solution value.

The disagreement with experiment of LDA + U solution dis-
cussed above leads us to the conclusion that in order do have
correct description of 5f states of Pu one should explicitly take
into account dynamical fluctuations in calculations. That can
be done only in LDA + DMFT method [16,17]. The essence
of DMFT is mapping of the problem for lattice of atoms with
Coulomb interacted electrons on the effective impurity problem
for an ion interacting with effective bath (reservoir) character-
ized by energy (time) dependent hybridization function that is
calculated self-consistently [3]. This effective impurity problem
should be solved taking into account full Coulomb correlations
between electrons on the ion in reservoir. While being simpler
than full lattice problem the impurity problem can be still very
expensive computationally, especially for multi-orbital case.

There were developed many methods to solve effective impu-
rity problem, so called “impurity solvers” (for the recent review
on this problem see [23]). One group of them form approximated
methods either based on perturbation theories in hybridization
strength as non-crossing approximation (NCA) or in Coulomb
interaction as FLEX. To the same group belongs interpolative
approaches like IPT and its extensions. Another group consists
of the methods that can be considered formally exact: quantum
Monte Carlo (QMC), exact diagonalization (ED) and numerical
renormalization group (NRG). The problem with approximated
methods is that they give uncontrollable accuracy results. Even
if those methods were tested by comparison of their results with
exact approaches for some simple cases it is no guaranty that
they will work for the problem with a large orbital degeneracy.
ED and NRG methods are not practical for orbital degeneracy
larger than two. The only method that can in principle give reli-
able and practically achievable solution is QMC. However, for
Sf-orbitals with degeneracy equal seven full DMFT-QMC solu-
tion can require use of the most powerful computers.

LDA + DMFT method [16,17] was applied to Pu problem
[24] and encouraging results were obtained including the pos-
sibility of the double minima in energy versus volume curve
(Fig. 15) and the peak on the Fermi level (Fig. 16). However, for
“impurity solver” the authors used interpolative approach with
a simple analytical form for self-energy with parameters being
adjusted to obey known various asymptotes.

Another attempt to apply LDA + DMFT method for Pu was
done in [25] where the authors had started from non-magnetic
LDA + U solution and included fluctuation via “spin—orbit T-
matrix FLEX approach” based on the perturbation theory in
Coulomb interaction strength parameter U. The calculated spec-
tral function (Fig. 17) shows in comparison with experimental
spectrum too strong intensity of the peak on the Fermi energy
and suppressed lower Hubbard band.

Recently, we have done LDA 4+ DMFT calculations for Pu
in delta phase with QMC “impurity solver” [26] where only j =
5/2 Sf-orbitals were treated as fully dynamical while j = 7/2
Sf-orbitals were described by static mean-filed (Hartree-Fock)
approximation. The justification for this was LDA + U solu-
tion (Fig. 11b) where unoccupied j = 7/2 band was found to
be situated well above the Fermi energy. The calculated spectral
function (Fig. 18) shows correct position of the both features of
the experimental photoemission spectra: lower Hubbard band at
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Fig. 16. Density of states for Pu from DMFT calculations (Savrasov et al. [24]).

~1 eV and quasiparticle peak on the Fermi level but the relative
intensity of quasiparticle peak was underestimated. The average
number of 5f-electrons due to the dynamical fluctuations was
significantly decreased from its static mien-filed (LDA + U)
value of 6 electrons to ~5.5 that corresponds to equal weights
of 5f% and 5f© configurations in the ground state.

— LDA+U
. 8F— DMFT
= — Exp. PES (arb. units)
2
o
o o
2
©
»
o
=
2
T 2
[m]
0 L 1 L |
-4 -2 0 2

Energy (eV)

Fig. 17. Comparison of experimental and calculated (LDA + U, DMFT-FLEX)
photoemission spectra for delta Pu (Pourovskii et al. [25]).
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Fig. 18. Comparison of experimental and calculated (DMFT-QMC) photoemis-
sion spectra for delta Pu (Kunes et al. [26]).

5. Conclusion

In conclusion, we have shown that the source of the problem
in describing Pu from “ab-initio” electronic structure calcula-
tions is “partial localization” of 5f-electrons. Both limits, itin-
erant as in DFT and completely localized treating 5f-electrons
as pseudocore are not appropriate for plutonium problem. “Par-
tial localization” means that 5f-electrons part of the time spend
sitting on particular Pu ion and the rest of the time are spread
over the crystal. That corresponds to dynamical (time dependent)
fluctuations which can be described by dynamical mean-field
theory. Effective impurity problem appearing in DMFT must be
solved by quantum Monet Carlo as the only reliable and prac-
tically realizable method. However, that will require heavy use
of modern multi-processor computers.
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